Abstract The primary activation of the epidermal growth factor receptor (EGFR) has become a prominent target for molecular therapies against several forms of cancer. But despite considerable progress during the last years, many of its aspects remain poorly understood. Experiments on lateral spreading of receptor activity into ligand-free regions challenge the current standard models of EGFR activation. Here, we propose and study a theoretical model, which explains spreading into ligand-free regions without introducing any new, unknown kinetic parameters. The model exhibits bistability of activity, induced by a generic reaction mechanism, which consists of activation via dimerization and deactivation via a Michaelis-Menten reaction. It possesses slow propagating front solutions and faster initial transients. We analyze relevant experiments and find that they are in quantitative accordance with the fast initial modes of spreading, but not with the slow propagating front. We point out that lateral spreading of activity is linked to pathological levels of persistent receptor activity as observed in cancer cells and exemplify uses of this link for the design and quick evaluation of molecular therapies targeting primary activation of EGFR.
Introduction
The ErbB family of receptor tyrosine kinases, consisting of the epidermal growth factor receptor (EGFR, also called HER1 or ErbB 1) and three other members (referred to as Her 2--4 or ErbB 2--4), plays a prominent role in signaling pathways, which regulate important biological functions like proliferation, differentiation and cell survival. Dysfunctions and overexpression of these receptors are involved in carcogenesis. Since the seminal work of Kholodenko et al. [1] on the early stages of the EGF signaling cascade a number of increasingly refined and increasingly complex models of the ErbB signaling network have been published [2] [3] [4] . However, the very first stages of the cascade, especially the precise nature of transmembrane signaling after ligand binding remains poorly understood, despite the fact that it constitutes the most important target of molecular therapies in cancer cells overexpressing EGFR [5] . It is usually modeled as ligandinduced dimerization of receptors, followed by the activation of the tyrosine kinase and transphosphorylation of tyrosine residues on the C terminal. Unlike most other growth factor receptors, dimerization of EGFR is not achieved by crosslinking two receptor molecules with a bivalent ligand, and many experiments have revealed that primary EGFR activation is itself a highly complex and highly regulated process (see [6, 7] ). The present body of experimental knowledge on structure and function of EGF receptors is not sufficient to offer a natural explanation for experiments, which demonstrate that EGFR phosphorylation can spread into EGF-free regions [8] [9] [10] . Verveer et al. [8] induced locally restricted activation of EGFR (fused with GFP) in the membrane of MCF7 cells by applying EGF covalently fixed to beads. Receptor phosphorylation was observed by measuring FRET between EGFR-GFP and a Cy3-labeled antibody to phosphotyrosine. They found lateral spreading of EGFR phosphorylation and they stressed the importance of secondary dimerization for this phenomenon. Sawano et al. [9] used a microfluidic device for local stimulation and report that the onset of lateral activity spreading depends on the concentration of EGF receptors in the plasma membrane. COS cells expressing EGF receptors at a normal density did not show spreading of activity. Reynolds et al. [10] studied a coupling of receptor kinase activity to an inhibition of protein tyrosine phosphatase via hydrogen peroxide (produced rapidly after EGFR stimulation) and already summarized their experimental findings in a schematic reaction scheme that implies bistable receptor activity.
All the experiments strongly suggest that there exists an autocatalytic property of EGF receptors (called "C" further on), which is switched on in a dimer consisting of active receptors and which turns these receptor molecules into activators of other ligand-free receptors.
According to our present knowledge of the EGF receptor, this property is necessary for activation of receptors in EGF-free regions, although we should point out that it is lacking an explanation based upon structural features of the receptor molecule at present. We will show that property "C" can be implemented in a theoretical model without introducing any new, unknown parameters, if its kinetics is rigidly coupled to that of receptor phosphorylation. We will
show that it provides quantitative explanations of key results of [8] [9] [10] .
Activity spreading of EGFR emerges from a generic bistability of activity. This same bistability will lead to a pathologically high, permanent activity of genetically intact receptors, as it is observed in several types of cancer cells [11] . This link opens up new possibilities for the design and the evaluation of molecular therapies, which counteract the permanent receptor activity in cancer cells overexpressing EGFR.
Results and Discussion

Model building for primary receptor activation
Usually, EGF receptors are activated by ligand binding, but here, we concentrate on activity spreading in EGF-free regions; therefore we start from a reaction-diffusion (RD) model, which contains receptor monomers and dimers, but does not include ligands and ligand binding. Here, we concentrate on a single type of ErbB receptors (EGFR) for simplicity, the neccessary refinements to include ErbB 2--4 are straightforward and will be presented elsewhere. We take into account dimerization/dissociation and phosphorylation/dephosphorylation of receptors, and we rigidly couple the property "C" to phosphorylation, i.e. every genetically intact receptor is assumed to have property "C" switched on, if its C-terminal sites are phosphorylated and switched off if they are not phosphorylated. In the absence of any information on the kinetics of property "C", this is the simplest hypothesis, which does not contradict the body of experimental b , which correspond to spontaneous phosphorylation of monomers or dimers, respectively, and which lead to a basal level of activity, which we adapted to specific cell types.
For some numerical experiments, we also use spatiotemporal profiles of these rates as a substitute for ligands to drive receptor activation. The crucial autocatalytic reaction steps of property "C" are depicted in Fig. 1 . Ultimately, EGFR activity is downregulated via receptor internalization, which we do not take into account here, as our main results will be of relevance for timescales of up to 5 minutes.
Using the operators
a for monomers and =2 a for dimers, the complete set of RD equations of our model takes on the compact form
. The system is discussed in detail in the supporting text S1.
In the absence of diffusion, the five rate equations of our model lead to bistable behaviour of the receptor activity within a wide range of parameters. This bistability constitutes the basis of spatial spreading of activity. We have numerically solved the model consisting of 5 RD equations using standard finite element methods, but to gain more insight into underlying mechanisms, additional analytical discussions are helpful. After expressing the RD equations in the new set of variables, two simplifications become obvious, which help to understand the dynamics of the system. First, the equations for n and m decouple from the rest of the system and take on the simple form (note that 2m n+ is the total receptor density)
The dimer/monomer equilibrium is not disturbed by changes in receptor activity, therefore we can use the stationary values
. This simplification is due to our assumption of state-independent dimerization and dissociation rate constants. Second, the system can be approximated by a single equation for a n , and this approximation, which is based on separation of timescales and lengthscales (relaxation of a n is much slower than that of the other densities), keeps the key aspects of the full dynamics. We introduce it here because we will make use of its explanatory power. Details of the model reduction can be found in the supporting text S1. The resulting RD equation for a n takes on the form
n is obtained by putting
The 2 diffusion terms correspond to the subpopulations of active dimers and active monomers contained in a n .
The dependence of activity spreading on receptor density is correctly predicted by the model the bistable regime the system may be driven from a state of low, basal activity to a highly active state by the application of a stimulus, which can be localized in space and time as will be discussed in the next subsection. Indeed, a density dependence of spreading was observed in [9] . Therefore, as shown in should. This is in accordance with the results of [8] [9] [10] . A431 cells ( 600 c nM  ) should be constitutively active at pathologically high levels (even without permanently active mutants).
Here, we have considered levels of basal activity of 3% -5%. The lower the basal activity, the more the bistable regime extends towards higher densities.
Activity spreading is based on a new generic bistable reaction scheme
The reaction mechanism underlying this bistability is a robust and generic one, and is composed of an interplay of two steps, which are frequently met in biochemical reactions of the cell, namely, a deactivation via an enzymatic reaction, which is counteracted by an activation via dimerization. Fig. 4 shows a rate balance plot based upon a decomposition of the rate law of active receptors, there will be no receptor activation without dimerisation. The solid line in Fig. 4 has the well-known hyperbolic form of Michaelis-Menten kinetics. If it was combined with a creation rate, which increases with a n , it would always lead to a single equilibrium point. The rate + r , however, decreases with a n and gives rise to an extended region of bistability in parameter space. The steep decrease of + r for small a n is entirely due to spontaneous phosphorylation.
The dash dotted curve corresponds to + r at 1P 2P =0 b = b and is very close to a straight line, the hallmark of dimerization rates. Note that in this case =0 a n is always a fixpoint although it is not visible in the rate balance plot. We cannot extend the rates to Nevertheless, the model is in accordance with experimental findings, if we perform a more detailed comparison, including the initial, transient dynamics of a stimulated system, which can be much faster than the asymptotic propagating front. Let us first consider the experimental setups of [8] and [10] , which use beads with covalently fixed EGF to stimulate the system.
Interactions between ligand bound receptors and inactive receptors can only take place at the boundary of the stimulated regions. The beads are mapped to our model as circles (of 0.8 μm in diameter) with fixed boundary conditions of high receptor activity. In [8] significantly slower than the asymptotic front, so that receptor internalization sets in before these levels start to overlap. Now we turn to [9] , where ligand is applied in a microfluidic flow channel. This provides a ligand profile with sharp boundary, but in contrast to [8] and [10] , ligand-bound EGFR molecules are free to diffuse. As the EGF unbinding rate is small, 1 0.004 s  , a receptor can diffuse for 250 s before it looses its EGF ligand. It is important to include this smearing out effect of initial activity to achieve a satisfactory agreement between the model and experimental data. Fig. 7 compares numerical results from our model with Fig. 6 of [9] , which shows the spreading of phosphorylation for transfected COS cells. We monitor the time course of activation a n at
x μm , =20 x μm , and =30 x μm , which corresponds to the regions of interest marked in Fig 6. of [9] .
The experimental setups may also be used to test an important prediction of the model, b (as a first, oversimplified means to include effects of constitutively active 7 Δ2  mutants) and overexpress EGFR. Note that attempts to reconstitute a stable low level of activity by reducing the spontaneous activation of monomers will only succeed in the small shaded region of Fig. 9 , if it is not accompanied by a reduction of expression level. We have also studied other potential targets to inhibit EGFR activity and found that stabilizing dimers by reducing the dissociation rate D k  may also be a promising means to reestablish a normal activity level (see supporting figure S3 for more details). These simplified examples can easily be extended to more realistic settings, but they already show the potential for additional, quantitative methods of investigation in the field of EGFR targeted molecular therapies. 
Methods
The model of primary EGFR activation discussed above was formulated as 5 RD equations on bounded two-dimensional regions, either rectangluar or circular, with von Neumann boundary conditions. The model equations together with reformulations and reductions are discussed in detail in the supporting text S1. The system of parabolic partial differential equations was solved numerically by triangulating the reaction regions and using a standard, freely available finite element library [19] to solve the boundary value problems. The mesh size was chosen such that every cell constitutes a well-stirred reaction volume. The time evolution was constructed by discretising time and applying a simple Rosenbrock method [20] .
Numerical errors were checked by changing discretisation parameters (time intervals and mesh sizes). The system was driven either by boundary conditions on additional interior boundaries representing localized ligand or by spatiotemporal profiles of spontaneous phosphorylation rates to model ligand pulses in microfluidic devices.
Supporting material
Supporting material is available from http://www.theorie.physik.uni-goettingen.de/~jentsch/supp.pdf 
